Abstract Actuator faults are inevitable but affect reliability and safety of unmanned helicopters (UHs), especially when there are actuator constraints. In this paper, self-healing control, which is an extended active fault-tolerant control (FTC) method with reference redesign on-line, is proposed to analyze and to guarantee the safety of single-rotor UHs (SUHs) under both actuator faults and constraints. The safety includes body safety and mission safety. More specifically, body safety represents the stability of SUH itself and mission safety represents mission accomplishment with acceptable performance, furthermore, set-point tracking mission is considered. The main contribution of this paper is to analyze and to guarantee the safety of SUHs by solving a set of Linear Matrix Inequalities (LMIs) at one time. The set of LMIs includes saturation compensator design and stability guaranty with a given controller in the absence of actuator constraints, actuator fault compensation analysis, reference reachability analysis and reference redesign. On the other hand, by adding swashplate configuration, SUH model with real actuator outputs as control inputs is constructed which can describe actuator faults more clearly compared to SUH models with nominal control inputs. Finally, the proposed self-healing control method is illustrated by simulation with a nonlinear SUH model.
Introduction
During the past few decades, Unmanned Helicopters (UHs) have attracted more and more attention. Compared to unmanned fixed-wing aircraft, UH has stronger coupling and less hardware redundancy of actuators due to its structural features. In order to ensure the reliability and safety of UHs, Fault Detection and Diagnosis (FDD) and fault-tolerant control (FTC) are necessary [10] . A number of related methods have been proposed [13, 21] against actuator faults. Drozeski et al. [3] and Enns and Si [4] investigated swashplate reconfiguration with rotor-speed control against actuator stuck faults. Generally speaking, in order to simplify the flight control method, rotor-speed controller is independent of flight controller. In this method, when one of the three actuators used for main rotor control is stuck, the attitude of UH can be controlled by the remaining actuators and the altitude can be controlled by rotor speed. On the other hand, some FTC methods subject to flight controller are also investigated. In [11] , FTC architecture is investigated against actuator faults, which is based on active fault estimation using adaptive unscented Kalman filter and feedback linearization. In [5] , tail rotor failure is considered through fuzzy logic. In [8] , adaptive failure compensation for coaxial rotor helicopter under propeller failure was proposed. However, all of these researches have not considered actuator constraints.
In addition to special methods for UHs, some general methods against actuator faults under actuator constraints were proposed. One problem under this condition is to find a new suitable reference for the post-fault system. Dardinier-Maron et al. [2] developed reference inputs generation methods for this problem. In the on-line method, an optimization problem was built for minimizing the energy of control inputs and the error between the real and the desired outputs. Theilliol et al. [18] proposed a method which can modify the steady-state reference on-line by a model predictive control strategy. The problem is solved by an optimization problem at last. The main weak point of these methods is that the new reference has to be computed real-time. In other words, the steady-state reference cannot be obtained before the system operates. Zhang and Jiang [20] presented a command input management approach to modify the steady-state reference of the post-fault system according to the steady-state open-loop gain under no fault condition. But the choice of new reference is based on experience so that it is not guaranteed to be optimal. Weber et al. [19] used reference governor control allocation to distribute remaining actuator efforts after actuator faults. The reference-offset reference governor can modify the original reference based on system constraints of post-fault system. The drawback of these methods is the lack of property analyzing of the post-fault system such as the reachability of reference, whether the fault can be compensated.
In this paper, self-healing control approach, which extends FTC method and takes into account reference redesign, is proposed to guarantee safety of single-rotor UHs (SUHs) under actuator faults and constraints. The safety includes two significations in this paper: the body safety and the mission safety. More specifically, the body safety means that the SUH should be guaranteed stable under both fault-free and post-fault conditions. The mission safety represents that the SUH can accomplish missions with acceptable performance, such as tracking set-point references, under post-fault condition. The SUH system with self-healing control is shown in Fig. 1 . As shown in the figure, self-healing control module is composed by reconfigurable controller (including actuator saturation compensator), reference redesign module, evaluator and FDD module.
The contribution of this paper is to propose selfhealing control approach which can guarantee SUH stable and acceptable set-point tracking performance, analyze fault compensation condition, analyze reference reachability and calculate a new reference if it is necessary. Two typical actuator faults of SUHs are considered in the paper: multiplicative faults and stuck faults. Furthermore, all of the above targets can be achieved at the same time by solving a set of Linear Matrix Inequalities (LMIs). On the other hand, models of SUH used in existing literatures are mostly with nominal control inputs like forward, lateral and vertical. Unfortunately, these nominal inputs are not one-to-one matched with real actuator outputs. Thus, these models cannot clearly describe system properties under actuator faults and constraints. Hence, swashplate configuration is taken into account to eliminate the shortage of models and achieve an SUH model with real actuator outputs. Note that, FDD module included in the self-healing control is assumed to provide fault information accurately no delay. FDD methods against actuator faults can be found in [12] . The remaining part of the paper is organized as following: SUH model is introduced simply in Section 2 where swashplate configuration is also included; Section 3 investigates the model and influence of actuator faults and constrains; In Section 4, self-healing control approach against actuator multiplicative/stuck faults under constrains is proposed. Details of guaranteeing SUH stability and acceptable tracking performance, analyzing fault compensation condition and reference reachability are discussed. Nonlinear simulator of SUH is used to illustrate the proposed selfhealing approach in Sections 5 and 6 ends the paper with conclusions.
Unmanned Helicopter Modeling
During the last decades, many models of SUHs have been proposed [1, 6, 14, 17] . All of these models are compose of kinematics and dynamics. Furthermore, dynamics can be mainly divided into three parts: 6-DOF rigid-body dynamics, main/tail rotor forces and moments, and main rotor flapping dynamics. Generally, kinematics and 6-DOF rigid-body dynamics are almost the same and the primary differences between these models are analysis of rotor forces and moments, and main rotor flapping dynamics. For example, it is hard to analyze rotor aerodynamics comprehensively so that all kinds of predigestion of aerodynamics are utilizes which lead model differences. On the other hand, in order to increase flight stability, Bell-Hiller stabilizer bar is widely used in smaller SUHs. Thus, related aerodynamics analysis of stabilizer bar is required. Other differences include yaw rate gyro dynamics, engine/actuator model and wind disturbance.
From fault-tolerant control point of view, these models are not suitable because their inputs are nominal inputs such as longitude, latitude, altitude and yaw. Hence, swashplate configuration is introduced to transform the nominal inputs into real output of actuators. At the same time, main rotor speed is also taken into account to increase redundancy of SUH system. Note that, the following discussions are based on SUH body axis.
Since all analysis is based on body axis, coordinate transformation is not required and only rotational motion is considered in kinematics which can be expressed as following: ⎡ ⎣φ θψ
is angle rate vector (roll rate, pitch rate, yaw rate) and assume φ, θ ∈ (−π/2, π/2).
The 6-DOF dynamics of SUHs is given by the following Newton-Euler equations:
is velocity vector (forward velocity, latitude velocity, vertical velocity), F b is aerodynamic force vector, F g is gravity force vector, I b is moment of inertia matrix, M b is aerodynamic moment vector and m is helicopter mass.
Aerodynamic forces and moments can be calculated by
where a 1s , b 1s are longitudinal and latitudinal flapping angles of main rotor, δ col , δ ped are collective pitch control inputs of main and tail rotors and ω r is control input of main rotor rotating speed. All of these are considered as control inputs of SUH model. Specially, main rotor rotating speed is treated as an input to increase system redundancy. Typically, f f (·) and f m (·) are nonlinear functions and the differences between SUH models are mainly in here. Details of the two functions can be found in [1, 14] .
Main rotor flapping helicopter-specific properties without Bell-Hiller stabilizer bar and its dynamics is described by two equations: The problem is that for most of SUHs, there is not a consistent one-to-one match between control inputs δ lon , δ lat , δ col and real actuators. It is depending on the structure of swashplate which is a mechanism to mix three actuator outputs to produce forward, lateral, and vertical nominal control inputs as shown in Fig. 2 . Considering a forward-120 • -type swashplate, the angles between each two actuator action points are 120 • as shown in Fig. 2b . According to [4] , The transformation relation from actuator outputs to nominal control inputs is approximate defined by ⎡
where θ l , θ r , θ b are outputs of actuator outputs which are used to control the motion of main rotor and r m is radius of swashplate. Collective pitch control inputs of tail rotor is one-to-one match with related actuator and their approximate relationship can be expressed by δ ped = θ t . Based on experiment data in [17] , the dynamics of electrical motor of SUHs is neglected because its fast response so that it is assumed the rotor speed can response the control inputs no delay. Hence, an SUH model with real actuator outputs is achieved.
With selecting an equilibrium point near UH hovering state, the following linearized model can be achieved [1] such as
where x h = x act − x trim and u h = u act − u rim . x act , u act are real states/actuator outputs of SUHs and x trim , u trim are trim values. The system states, control inputs (actuator outputs), and system outputs are defined as
For digital controller designing, the above continues system is sampled with appropriate T s = 0.02s. At the same time, control input normalizing is applied. Then, the matrices of discrete system A h , B h and C h are achieved (see Appendix). Eigenvalues of the system are 
Actuator Faults and Constraints
Considering the above discrete SUH model with actuator constraints:
where
where sgn(·) is a sign function and i = 1, ..., m. Besides actuator constraints, actuator faults are also taken into account which can be modeled as following: values of the parameters in fault-free and post-fault cases are expressed in Table 1 .
Clearly, λ i = 1 represents that the i th actuator is fault-free, 0 < λ i < 1 represents related actuator efficiency loss, λ i = 0 represents that the i th actuator cannot respond the control signal and the actuator locks inū i (ū i ∈ [−1 1]). Compared to multiplicative faults, actuator stuck fault makes the post-fault system more rigorous because it both decreases available control inputs and introduce constant inputs which may lead system unstable. Thus, system (1) with actuator fault can be rewritten as
where B h0 = B h and B hf = B h (I − ). Clearly, if there is no actuator stuck fault, B hfū = 0. In the following discussion, assume the number of stuck actuator is m f and m 0 = m − m f is the number of fault-free/multiplicative-fault actuators which can respond control signal. In other word, m 0 represents the number of columns of matrix B h0 . In this way, post-fault system with different actuator faults can be represented by Eq. 2 and different faults will not be distinguished in the following discussion. On the other hand, not all conditions are suitable for the proposed self-healing control approach so that the following assumptions are provided.
Assumption 1
For the post-fault system (2), (A h , B h0 ) should be stabilizable.
Assumption 2
Reference ref considered in this paper is set-point which satisfieṡ
As discussed before, the open-loop model of SUH is unstable and actuator outputs are limited. Thus, just regional stability of SUH can be guaranteed and the stability region is determined by system structure and actuator constraints [7] . In other words, if the states of SUH are inside the stability region, the SUH is safety; otherwise, the SUH may be in danger. Obviously, after actuator fault occurrence, actuator efficiency will be reduced or system structure will be changed. Hence, the safety region of post-fault system will be different with the fault-free case as shown in Fig. 3a . Suppose the safety region of fault-free system with fault-free controller is ff and post-fault system with FTC controller is pf as shown in Fig. 3b . Furthermore, the initial states of fault-free system is x 0 ∈ ff and assume an actuator fault is detected at x(t f 1 ). Clearly, the states x(t f 1 ) is outside the safety region of post-fault system pf so that the post-fault system may be unstable (as shown by state trajectory x(t f 1 )x (t f 1 )) at last. In other words, the actuator fault cannot be compensated. Assume the fault is detected at t f 2 and x(t f 2 ) ∈ pf is valid which represents the fault can be compensated. However, the states in steady case are also determined by references such as x f 1 which may be outside the safety In a summary, the proposed self-healing control framework against actuator faults and constraints should guarantee the post-fault SUH safety, and specifically solve two main problems:
Problem 1 Guarantee stability of the post-fault SUH .
Problem 2 Analyze fault compensation condition, reference reachability and redesign a new reference if it is required.
Self-healing Control
In order to achieve set-point tracking offset-free and compensate actuator saturation, an integrator with a saturation compensator is introduces as following.
where e(k) is integrator state vector, E c is pending 
Based on linear quadratic regulator (LQR) theory, state-feedback controller v(k) = Kx(k) can be calculated. Thus, the closed-loop post-fault system can be described by
where A = (A e + BK). In order to guarantee system (3) stable and tracking offset-free under external input ω(k) and actuator constraints, the following theorem is proposed. As a basis, a lemma is given first which defines a set of system states related to actuator saturation.
Lemma 1 ([16])
Define the following polyhedral set with matrix G ∈ R m 0 ×(n+p) :
where i represents the i th row of matrix K and G. If
is verified for any positive-definite matrix T ∈ R m 0 ×m 0 . Based on this lemma, saturation compensator can be designed in the following theorem.
Theorem 1 If there exist a symmetric positive-definite matrix
then the saturation compensator will be E c = ZS −1 and the closed-loop post-fault system (3) will be stable if x(k) inside the stability domain
Note that, E (P ) is defined as safety region in this paper.
Proof If relations (5) are valid, E (P ) ⊂ E will be satisfied with G = Y P [16] . Thus, for ∀x(k) ∈ E (P ), ϕ(Kx(k)) satisfies sector condition (4) [15] . Next, we will prove V (
x(k)) = x T (k)P x(k) is a Lyapunov function and V (x(k)) = V (x(k+1))−V (x(k)) ≤ 0 to verify that E (P )
is an invariant set [9] . If the above condition is satisfied, E (P ) will be stability domain of system (3).
Consider
According to Lemma 1, J 1 ≤ J 2 and
will be a Lyapunov function of system (3) and V (x(k)) ≤ 0 will be satisfied. Considering Schur complement, J 2 ≤ 0 is equal to
Then pre-and post-multiplying the above inequality by diag P −1 T −1 I P −1 I and considering η = γ 2 ,
relation (6) is achieved. Obviously, if relation (6) is satisfied, J 1 ≤ 0 is valid and
Clearly, J ≤ 0 is valid under zero initial state.
Thus, according to the above analysis, a stable region E (P ) of post-fault SUH is found and the helicopter can be considered safety if its states are inside the region such as x(k) ∈ E (P ). Hence, Problem 1 has been solved.
According to Theorem 1, the safety region E (P ) is an invariant set which means that if initial states and steady states of a system are inside the set, the state trajectory from initial states to steady states will also be inside the set. In other words, a post-fault system with a fault-tolerant controller can be seen as a new closed-loop system with initial states x(t f ), where t f is the instant when the fault is detected, and steady states x f which is related to the reference. Clearly, a post-fault system will be safety if both initial states x(t f ) and steady states x f are inside safety region E (P ). Thus, it is necessary to analyze whether x(t f ) ∈ E (P ) and x f ∈ E (P ) are valid. Under the background of this paper, x(t f ) ∈ E (P ) represents the actuator fault can be compensated by fault-tolerant controller and x f ∈ E (P ) means the reference for fault-free system is also reachable for post-fault system.
Firstly, recall the definition of
Obviously, x(t f ) ∈ E (P ) can be rewritten as x T h (t f ) e T (t f ) P x T h (t f ) e T (t f ) T ≤ 1 and it means that the stability of x h (t f ) is also affected by e(t f ). Note that, x h (t f )
is state of SUH which is known and determined by the system itself and it cannot be changed. However, e(t f ) is state of integrator and it is a constant vector which can be rewritten as e t f . Furthermore, post-fault system can be seen as a new system. Thus, e t f can be adjusted
] T ≤ 1 and the following lemma is proposed to summarize the above analysis.
Lemma 2 Given the matrix of a safety region P and states x h (t f ), if there exists a vector e t f ∈ R p satisfying
where Thus, the initial states of post-fault system can be evaluated. Secondly, the steady states will be analyzed. In steady-state case, actuators are not expected to be saturation so that the remaining efficiency of actuators can be used for disturbance defence. Hence, the admissible set of reference, which represents the set of reachable reference of post-fault system, can be expressed by
where (10) subject to:
where N is a diagonal matrix used to adjust the weights of each reference. According to above analysis, the following lemma is proposed to analyze reference reachability and calculate a new optimal reference if it is necessary. 
Lemma 3 Given the matrix of a safety region
where Proof Consider (8) and (9), the condition x f ∈ E (P ) can be written as
where (12) is achieved. Thus, the condition of Eq. 8 has been described by LMIs.
The optimization problem in Eq. 10 is equal to 
According to Schur complement, the above inequality can be described by LMI (13) . At the same time, the first subject condition of the optimization problem in Eq. 10 has been included in the set of LMIs by Eq. 11. The second condition can be represented by Eq. 14 based on Schur complement. Hence, based on this lemma, the targets of both reference reachability analysis and reference redesign are able to be achieved.
Thus, taking Lemma 2 and Lemma 3 into account, Problem 2, whose target is to analyze fault compensation condition, reference reachability and redesign a new reference, has been solved.
On the other hand, both Lemma 2 and Lemma 3 are linked with safety region matrix P which is calculated by Theorem 1. However, when matrix P is computed, the constraints of states x(t f ) and reference ref are not taken into account which may lead the results of Lemma 2 and Lemma 3 conservative. At the same time, the target of self-healing control is to guarantee the post-fault system safety so that the the states x(t f ) which is related to body safety and reference ref which is related to mission safety should be considered when calculating safety region. Thus, based on Theorem 1, Lemma 2 and Lemma 3, the following self-healing control approach is proposed which can be achieved by solving a set of LMIs at one time. 
where Proof The proof has be achieved in Theorem 1, Lemma 2 and Lemma 3.
Simulation Results
In order to illustrate the proposed self-healing control approach, nonlinear helicopter model is used in the simulation. Because the motion of SUHs can be divided into a few regions with related operation points and the motion in a region can be described by an operation point based linear model. Thus, controller of SUH can be calculated according to linear models of SUHs. In the following discussion, SUH is assumed to fly around one operation point and all of the simulation results are achieved by nonlinear model of SUH. At the same time, measurement noise are also taken into account.
Consider the linear model of SUH given in Appendix, for fault-free condition, the controller K is calculated based on LQR technique as shown in Appendix Assume actuator θ l (the first actuator in Fig. 4c ) is stuck such as θ l = 0.24 and the actuator fault is detected at t f = 40s while fault information is supposed to be provided by the FDD module no delay. Simulation results of the post-fault system with fault-free controller are also in Fig. 4 . As shown in Fig. 4b , after fault occurrence, the SUH is stable at last, but Fig. 4a shows that it can not track the velocity reference at all. The reason is actuator ω r (the fifth actuator in Fig. 4c) Fig. 5 . As shown in Fig. 5a , the velocities of post-fault system can track the new reference offset-free and the same as yaw as shown in Fig. 5b . Actuator outputs are shown in 5c where ω r is saturated during dynamic process but it is unsaturated in steady-state case. Note that, by solving LMIs of Theorem 2, at least one actuator outputs in steadystate case will be very close to (almost the same as) the upper or lower bound of actuator constraints. In this simulation, because of the difference of linear model and nonlinear model, the distances between real actuator outputs and the bound of constraints are larger than the theoretical ones. For example, ω r in 5c should closer to the upper bound of actuator constraints according to Theorem 2. However, in practical point of view, the efficiency of main rotor of helicopter will be increased under forward-flight condition. Thus, rotating speed of main rotor is able to be reduced. On the other hand, the above property is modeled by the nonlinear model but not described by the linear model. Hence, the distance between real output of ω r and the upper bound of constraints is increased. 
Conclusions
Self-healing control method is proposed in this paper to analyze and guarantee safety of SUHs under actuator faults and constraints by solving a set of LMIs at one time. For the post-fault system with a given faulttolerant controller neglecting actuator constraints, the proposed self-healing control method can accomplish saturation compensator design with guaranteeing post-fault system stable, actuator fault compensation analysis, reference reachability analysis and reference redesign. The proposed method is illustrated by simulation where the controlled SUH model is nonlinear. However, because the self-healing control method is designed according to linearized SUH model, differences between nonlinear and linear model are not considered which will decrease the accuracy of proposed self-healing control method, and this question will be researched in the future work.
The linear model of SUH, A h , B h and C h , used in this paper is as following: 
